
2000 APICS Math Competition
Time: 3 hours.

Team members may collaborate with each other but not with others. Cal-
culators and notes are forbidden.

Please write the answer to each question on a separate sheet (or sheets) of
paper, and do not refer to other answers, as your answers to the various ques-
tions will be graded separately. Put your names, team number, and the question
number on ALL pages. Show all work.

Few marks will be given for fragmentary or incomplete answers.

This question booklet has 8 questions over 2 pages. Each of the eight ques-
tions carries equal weight.

1. N people labeled 1, . . . , N visit a mathematician’s home to play the fol-
lowing game. They are given coins labeled 1,...,N respectively where coin i
lands “tails”, when tossed, with probability pi, pi > 0. The players throw
their coin (in order 1,...,N) and the winner is simply the first player to
get “tails”. Now the mathematician has, under the assumption of inde-
pendence, chosen the pi’s so that the game is ”fair”, in that every player
has the same chance of winning (that is 1

N of course).

(a) If p1 = 0.10 and N = 5, determine values of p2, p3, p4, and p5 such
that all five players have the same chance of winning the game.

(b) Show that it is possible to have a fair game if and only if p1 ≤ 1
N .

2. Let S = {1, 2, 3, ....., 3n}. We define a sum-3-partition of S to be a collec-
tion of n disjoint 3-subsets of S, Ai = {ai, bi, ci}, i = 1, . . . , n, such that the
union A1∪A2∪· · ·∪An is S, and within each triple Ai, some element is the
sum of the other two. For example: {{1, 5, 6}, {2, 9, 11}, {3, 7, 10}, {4, 8, 12}}
is a sum-3- partition of {1, 2, 3, ....., 12}.

(a) Find a sum-3-partition for {1, 2, 3, ..., 15}.
(b) Prove that there exists no sum-3-partition for n = 1999.

1



3. Two polite but vindictive children play a game as follows. They start with
a bowl containing N candies, the number known to both contestants. In
turn, each child takes (if possible) one or more candies, subject to the rule
that no child may take, on any one turn, more than half of what is left.
The winner is not the child who gets most candy, but the last child who
gets to take some.

Thus, if there are 3 candies, the first player may only take one, as two
would be more than half. The second player may take one of the remaining
candies; and the first player cannot move and loses.

(a) Show that if the game begins with 2000 candies the first player wins.

(b) Show that if the game begins with 999 · · · 999 (2000 9’s) candies, the
first player wins.

4. Show that, if a, b, c, d, e, f are integers with absolute value less than or
equal to 7, and the parabolae

y = x2 + ax + b

y = x2 + cx + d

y = x2 + ex + f

enclose a region R of the plane, then the area of R is

(a) rational,

(b) with denominator less than 2000.

5. The three-term geometric progression (2,10,50) is such that (2+10+50)∗
(2 − 10 + 50) = 22 + 102 + 502.

(a) Generalize this (with proof) to other three-term geometric progres-
sions.

(b) Generalize (with proof) to geometric progressions of length n.

6. Solve for all real x, y > 0: 2xy ln(x/y) < x2 − y2.

7. Without calculator or elaborate computation, show that 32701 ≡ 3(mod 2701).
NOTE: 2701 = 37 × 73.

8. An isosceles triangle has vertex A and base BC. Through a point D on AB
we draw a perpendicular to meet BC extended at E so that AD = CE.
If DE meets AC at F , show that the area of triangle ADF is twice that
of triangle CFE.
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